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ON THE TORSION OF A CURVE 
By Paul Saukkl 

The object of this note is to call attention to a new way of stating the 
definition of the torsion of a curve, and to show that the new definition yields 
immediately the familiar formulas for the torsion of a space curve, of a geodesic 
curve, and of any curve traced on a surface. 

The torsion of a curve at a given point is, by definition, the limit of the 
ratio of the angle between the osculating planes at the given point and at a 
neighboring point, to the arc joining these points. And in order that the sign 
of the torsion as thus determined shall agree with the sign as determined by 
Fre net's formulas it is necessary that the angle between the two planes be con- 
sidered positive or negative according as the angle between the binormal at 
the given point and the principal normal at the neighboring point is obtuse or 
acute.* 

This definition can be transformed into the following : the torsion of a 
curve at a given point is the limit of the ratio of the angle between the oscu- 
lating plane at the given point and the principal normal at the neighboring 
point, to the arc joining the two points. To justify this definition we observe 
that the angle between the osculating plane at 'the given point and the tangent 
line at the neighboring point is an infinitesimal of the second order when the 
arc joining the two points is of the first order, t This tangent may therefore 
be said to lie in the osculating plane at the given point and it may thus be con- 
sidered as the intersection of the two osculating planes. The angle between 
the two osculating planes may accordingly be replaced by the angle between 
the osculating plane at the given point and the principal normal at the neigh- 
boring point. 

In applying this definition we can, of course, replace the angle between 
the osculating plane at the given point and the principal normal at the neigh- 
boring point by its sine, and this, in turn, by the cosine of the angle between 
the binormal at the given point and the principal normal at the neighboring 

*Cf. Kommerell trad Kommerell, Allgemeine Theorie der Saumkurven vnd FlUehen, 
vol. 1, p. 24. 

fCf. C. Jordan, Court ^analyse, vol. 1, p. 466. 
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point. Moreover, if we remember the convention stated above concerning 
the sign of the angle between the two osculating planes, it is easy to see that 
this angle, with its proper sign, is equal to the negative of the cosine of the 
angle between the binomial at the first point and the principal normal at the 
second point. 

It is worth noticing that our definition holds if the principal normal 
instead of being drawn as usual toward the centre of curvature be drawn in 
the opposite direction, provided the tangent, the principal normal and the 
binormal form a set of axes congruent with the axes of reference. 

These results can of course be established by analysis. If we denote the 
arc of the curve by a, the radius of curvature by r, the radius of torsion by p, 
and the direction cosines of the tangent, the principal normal and the binor- 
mal by a, 0, y, I, m, n, X, ft, v, respectively, and if we suppose, moreover, 
that the positive direction of the principal normal passes through the centre 
of curvature and that the tangent, the principal normal, and the binormal form 
a system of axes congruent with the axes of reference, Frenet's formulas will 
take the form 
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(3) 

The direction cosines of the binormal at any point being X, /*, v and those 
of the principal normal at an adjacent point being I + Al, tn + Am, n + An, 
the cosine of the angle between the two lines is equal to the expression 

\(l + AZ) + M(»» + A»j) + v(n + An), (4) 

or, more simply, to 

X AZ + ft Am + v An. (5) 

If in this expression we replace A/, Am, An by their values obtained from 
equations 2, we get 

-^ + >-*(; + ?>—e + ,> + --- <•> 
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the omitted terms being of the second degree in A«, and this in turn reduces to 

_Ia*+.... (7) 

P 

Thus the limit of the fraction obtained by dividing the negative of this ex- 
pression by the increment of the arc is the torsion. 

If we suppo.se that the positive direction of the principal normal does 
not pass through the centre of curvature but that nevertheless the tangent, the 
principal normal and the binormal form a set of axes congruent with the axes 
of reference, we must replace I, m, n, X, /*, i» in equations 1, 2, 3 by 
— I, — m, — n, — \, — /*, — v. The new formulas lead again to expression 7. 

Let us appl}' our definition to any curve in space. We shall suppose that 
the coordinates x, y, z of any point on the curve are given as functions of the 
arc * measured from some given point of the curve, and we shall use primes 
to indicate differentiations with respect to *. Then, as is well known, the 
direction cosines of the tangent at any point are equal to x', y', z 1 , while those 
of the principal normal and of the binormal are respectively proportional to 

x'\ y", z", (8) 

y'z"-y"z', z'x"-z"x', x'y"-x"y'. (9) 

In both cases the factor of proportionality is the reciprocal of vV rt + y" 2 4 z' a . 
From 8 it follows that the direction cosines of the principal normal at a 
neighboring point are proportional to 

X " + x'"A«, y" + y'"A«, z" + «'"A««, (10) 

in which A* denotes the increment of s. The factor of proportionality is now 
approximately equal to the reciprocal of vV'"'' + y" 8 -f z' rl - From 9 and 10 we 
can calculate the cosine of the angle between the binormal at the given point 
and the principal normal at the adjacent point. If we divide this by — A« 
and take the limit we obtain at once the well known formula for the torsion 
1/p of a space curve : 
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Let us next consider a geodesic curve on a given surface. Take the given 
point on the curve as the origin, the tangents to the lines of curvature through 
the point as axes of x and y , and the normal to the surface as axis of z. Denote, 
as usual, the first derivatives of z with respect to x and y by p and q, and the 
second derivatives by r, a, t. Then, because of our choice of axes, at the origin 
p, q and s are equal to zero, and at a neighboring point p and q are approxi- 
mately equal to rx'As, ty'&s in which As denotes the arc between the two 
points and the primes indicate differentiation with respect to a. 

The direction cosines of the tangent to the geodesic curve at the origin 
are 

a\ y', 0. (12) 

Since the principal normal at each point of a geodesic curve is, by definition, 
normal to the surface, its direction cosines are proportional to — p, — q, 1. 
At the origin the direction cosines of the principal normal to the geodesic 
line are therefore equal to 

0, 0, 1, (13) 

and at an adjacent point of the geodesic line the direction cosines of the prin- 
cipal normal are approximately equal to 

- ndiu, - ty>ha, 1. (14) 

From 12 and 13 we find the direction cosines of the binormal to the 
geodesic line at the origin to be 

y\ - *, 0. (15) 

From 14 and 15 we can calculate the cosine of the angle between the 
binormal to the curve at the origin and the principal normal to the curve at an 
adjacent point. If we divide this by — As we get the formula for the torsion 
1/Pg of a geodesic curve 

l»(r-0*y. (16) 

rg 

If we denote the principal radii of curvature by M x , i? s and the angle between 
the geodesic line and one of the lines of curvature by 0, the equation assumes 
the more familiar form 

hGirrd^^-lik-^) 3 ^- (17) 
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Finally, let as consider any curve drawn on a surface. At the given point 
P of the carve draw the tangent geodesic line. The two curves will have in 
common not only the point P bat also an adjacent point Q. Let as denote 
by to the angle that the principal normal to the given curve makes with the 
normal to the surface. Then, if we remember that the normal to the surface is 
also the principal normal of the geodesic line, it is not hard to see that the 
angle between the osculating plane to the given curve at P and the principal 
normal to the given curve at Q is equal to the angle between the osculating 
plane to the geodesic curve at JP and the principal normal to the geodesic curve 
at Q plus the increment of to. If then we denote the torsion of the tangent 
geodesic curve by l/p ff , it follows that the torsion l/p of the given curve is 
determined by the equation 

I » I + »', (18) 

P Pg V ' 

in which the prime indicates differentiation with respect to the arc *. The 
positive direction of » is from the binormal to the principal normal of the 
given curve. 

New Tobe, 

Novnon, 1907. 



